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We present a set of coupled nonlinear stochastic equations in one space dimension, designed to model
the surface of an evolving sandpile. These include nonlinear couplings to represent the constant transfer
between relatively immobile clusters and mobile grains, incorporate the presence of tilt, and contain rep-
resentations of inertia and evolving configurational disorder. The critical behavior of these phenomeno-
logical equations is investigated numerically. It is found to be diverse, in the sense that different com-
binations of noise as well as different symmetries lead to nontrivial exponents. In the cases most directly
comparable with previous studies, we find that our equations lead to a surface with a roughness exponent
a™~0.40, to be compared with the Edwards-Wilkinson and Kardar-Parisi-Zhang values, namely

a®¥=1 and a¥*?=1, respectively. This is, in our view, directly due to the effect of the tilt term. Final-
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1y we discuss our results, as well as possible modifications to our equations.

PACS number(s): 05.40.+j, 05.70.Ln, 46.10.-+z, 64.60.Ht

L INTRODUCTION

There has been a great deal of recent interest in the
physics of sandpiles [1-3], and the complexity of these
systems has made them a subject of deep fascination for
theoretical physicists in particular. However, well before
the current upsurge of interest in sandpiles, there were at-
tempts to model evolving interfaces, such as those in col-

.loidal aggregates or solidification fronts [4]. In all these
models, the basic picture was of particle deposition on a
rough surface, described by a height #(x,¢). The growth
of the interface in response to the rearrangement or
amplification of local heights was modeled to varying de-
grees of complexity via Langevin equations for the
height, with the noise term representing the effect of the
external perturbation.

Most of these models exhibit critical behavior, in the
sense that their long-distance physics obeys scaling laws,
often referred to as self-organized criticality (SOC) [5].
Three critical exponents «, S, and z characterize the spa-
tial and temporal behavior of a rough interface. They are
conveniently defined by considering the connected two-
point correlation function of the heights, namely
G(x—x,t—t")=(h(x,t)h(x’,t'))—{h(x,£)){h(x,2')).
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We have
G(x,0)~[x[** (|x|—>),
(1.1)
G(0,1)~t|* (|t > ),
and, more generally
G(x,t)=|x|*?F(|t| /|x|?) (1.2)

in the whole long-distance scaling regime (x and ¢ large).
The scaling function F is universal; ¢ and z=a/B, re-
spectively, are referred to as the roughness exponent and
the dynamical exponent of the problem.

The first of these approaches was due to Edwards and
Wilkinson [6] (EW), and involved a purely diffusive
mechanism for the relaxation of the surface. This linear
problem is easily solved in any space dimension d. It is
critical for d <2, where a=2=1—d /2, and z=2. Kar-
dar, Parisi, and Zhang [7] suggested that a form of the
Burgers equation [8] was a more appropriate representa-
tion, and suggested that the lowest order nonlinear term
to be added to the EW equation was a term (Vk)?
representing lateral growth. The full Kardar-Parisi-
Zhang (KPZ) equation is recalled hereafter in Eq. (3.1);
the EW equation is obtained by setting g =0 in the KPZ
equation.

__The solution of the KPZ equation has been an ongoing
problem in theoretical physics, which has been tackled by
means of a wide variety of approaches, overviewed in the
recent reviews [9,10]. Its critical exponents seem to be
nontrivial in any dimension. They are known exactly in
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1+1 dimensions: a=1, =1, and =3, but only approx-
imately in higher dimensions; they obey the relation
a+z=2. Successful attempts to obtain crossovers away
from EW and KPZ equations have been rare, and it has
usually been necessary to add complicated terms in order
to achieve this; an example of this can be found in the
work of Maritan et al. [11], which comprises relativistic
invariance under reparametrization and leads to a cross-
over away from KPZ exponents in the long-time limit.

More recently, there have been attempts directed
specifically at understanding sandpile avalanches; howev-
er, these approaches start from general considerations of
symmetry rather than from specific physical considera-
tions germane to sandpiles. Examples of such approaches
are those due to Hwa and Kardar [12] and Grinstein and
Lee [13]; the approach of Toner [14] is built on the latter
to include a representation of disorder.

All the above approaches are unified by the fact that
they involve only one variable, the local height of the sur-
face h(x,1), rather than any form of coupling between the
moving grains and the relatively immobile clusters which
has been shown [15] to be necessary for the understand-
ing of the sandpile surfaces. This coupling was included
by Mehta, Needs, and Dattagupta [16], albeit at a rela-
tively macroscopic level in the first instance; the coordi-
nates in the resulting Langevin equations were respective-
1y the macroscopic angle of tilt 6 (which is affected by the
motion of independent particles) and an average rough-
ness of slope ¢ with respect to this (which represents the
average extent to which clusters protrude from the sur-
face). This theory was able to provide a realization of di-
latancy [17] and hysteresis, to interpolate via effective
temperatures between different dynamical regimes, and
provided good agreement with experiment [18].

On the other hand, the role of evolving configurational
disorder was investigated by Mehta and Barker [19] via a
cellular-automaton model; this work emphasized the
need for a representation of an exchange between clusters
and grains in any realistic microscopic models of sand-
piles, demonstrated, via a simple model of cluster reor-
ganization, the link between surface and bulk in
avalanche formation, and finaily showed the hysteretic
behavior characteristic of these systems. Concurrently,
another sandpile cellular automaton designed by the
same authors [20] to model a sandpile subjected to con-
stant tilt in a rotating cylinder showed the effects of dissi-
pation and inertia, and demonstrated the (intuitively ob-
vious) role of tilt in generating moving grains from
erstwhile frozen clusters.

All these ingredients were included in a more local ap-
proach to sandpile dynamics, still containing the crucial
nonlinear coupling between moving clusters and grains
mentioned above; the equations representing this were
first presented in Ref. [1], and their analysis forms the
subject of this paper. The effective coordinate represent-
ing clusters at a microscopic level is clearly the local
height h(x,?), since the geometric fluctuations of clusters
are manifested by variations in h(x,¢); this is related to
the variable ¢ in earlier work [16], while the macroscopic
slope in that work has a more microscopic incarnation
here in terms of a local density p(x,t) of mobile particles.

In a sandpile submitted to stirring, shaking, or pouring,
these coordinates will clearly be coupled. In Ref. [1] we
introduced a particular set of terms to reflect the physical
processes at work in the grain-cluster coupling [see Egs.
(2.2) and (2.3) below]. Later, another group [21] analyzed
a special case of our equations; these were obtained by
setting D,, A, and v to zero in Egs. (2.2) and (2.3) below,
and consequently contained different physics. This
difference is mirrored in their results which do not,
among other things, include crossovers to regimes
characterized by new and nontrivial critical exponents.

In this paper we analyze our original equations, as well
as several generalizations of them, to incorporate the
effects of different symmetries and different noise terms.
The plan of this paper is as follows: we present our
dynamical equations in Sec. I, and discuss the various
terms in them. In Sec. III, we discuss the effect of
differing physical constraints and their accompanying
modifications to the form of our equations, and quantify
all this with numerical evidence, concerning especially
their critical behavior. Finally, in Sec. IV we discuss our
results.

II. GENERALITIES

The stochastic dynamical equations investigated in the
present work are a generalization of those introduced in
Ref. [1]. They concern a one-dimensional sandpile, de-
scribed by two coupled variables as follows: h{(x,t)
represents the profile of relatively immobile material,
measured from a fixed negative critical slope —p.. In
other words the actual height of immobile particles above
a horizontal reference line reads

y(x,t)=—p,x+h(x,t), (2.1)

whereas p(x,t) represents the density of the layer of mov-
ing particles.

The dynamical equations have the following general
form:

dh /3t =D, V*h —T+n,(x,t) , (2.2a)

dp/3t=—Vj+D Vp+T+n,x,1). (2.2b)

For the time being, and along the lines of Ref. [1], we set

T=—kpV*h —Ap(Vh), —upVh —v(Vh)_ (2.3)
and
Jj=—vp(Vh)_. (2.4)
We have introduced the notations V=42/dx, and
z forz=20 0 forz=0
z+=[0 for z <0, Z—=[z for z<0. 2.3)

The content of our dynamical equations is as follows.

(i) The first term on the right hand side of Eq. (2.2a) is
an EW term and represents the rearrangement of clusters
in the presence of an applied noise; the associated cou-
pling D, is a diffusivity. This corresponds to collective
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relaxation [15], denotes strictly intracluster motion, and
exists in the quasistatic as well as grain-inertial regimes
[1]. Although this term does not lead to dramatic
changes in the analysis of our equations, its physical im-
portance cannot be underestimated. The absence of this
term would lead to an unphysical situation in the limit
T=0, when there are no flowing grains; the clusters
would be configurationally frozen, and a vibrated sand-
pile (finite noise in %) would have no means of relaxation.
This is clearly inappropriate, given that clusters have
been observed to rearrange [1-3] under conditions of
low-intensity vibration evern when no mobile grains flow
down the pile; in fact this process of cluster rearrange-
ment at low vibrational intensities provides a mechanism
for collective relaxation, and has been shown [15,22] to
be crucial for the compaction of a pile to high densities.

(i) The second block of terms, T, represenis the
transfer of clusters to flowing grains, and vice versa. This
transfer process has been shown to be crucial [19,20] to
sandpile dynamics, and includes representations of evolv-
ing disorder and inertia. Included in T are the following
terms.

(a) The term kpV>h represents intercluster motion ini-
tiated by the flowing grains. The essential difference be-
tween this term and the diffusive term for A is that,
whereas this mechanism stops in the absence of
avalanches, the diffusive process continues even in this
limit. We visualize this as being due to a current of
grains moving down the slope, knocking out bumps and
filling in holes, so that it is a term that can exist in the
grain-inertial regimes but not in the quasistatic one.
Note that this is a representation of inertia [20], since it is
a mechanism for amplifying sandpile avalanches indepen-
dently of slope.

(b) The term ppVh also represents intercluster motion
of grains, which is mediated by the motion of grains mov-
ing independently of each other down the slope [15].
Thus a current of grains moves down the slope, accumu-
lating at points of low slope and knocking out grains
from regions of large slope. Also, where as kpV’h
smooths out bumps and dips on the pile irrespective of
slope, the upVh term exists purely to smooth out devia-
tions from the critical slope. This slope dependence al-
lows us to view this term as a representation of evolving
configurational disorder and memory [19]; thus an overly
bumpy section of this pile (large deviation from critical
slope) will lead to a large avalanche even if a very few
grains (small p) hit it.

(c) The term w(Vh )_ represents the spontaneous gen-
eration of flowing grains whenever the local slope is
larger than critical; this exists even in the absence of flow-
ing grains and is meant to represent the effect of tilting a
stationary sandpile. Note that, because we have chosen
the critical slope to be negative by definition, a negative
sign of V4 implies that the overall slope is steeper than
critical. This term is a simple representation of a crucial-
ly important effect in sandpile dynamics, and, as we will
see below, is in large part responsible for the novelty of

"our model from the viewpoint of critical phenomena.
However, we emphasize here that in its absence a noise-
less (undeposited) pile subjected to slow tilt would stay

frozen. Iis physics is therefore crucial, in that it is able to
reproduce the everyday phenomenon whereby an origi-
nally static pile, when tilted, generates mobile (flowing)
grains.

(d) The term Ap(Vh), can be viewed as a crude repre-
sentation of the effect of the boundary layer (whose width
represents the maximal range for cluster-grain exchange
to occur) [1] since its action is to limit the release of flow-
ing grains generated by the effect of tilt; it thus acts as a
regulator on the generation of mobile grains. While there
is in principle no restriction on the amount of p (up to the
size of the pile) that can be generated in a real sandpile
subjected to tilting or applied noise, we restrict ourselves
to the situation where tilting is a moderate perturbation,
and only grains occupying the boundary layer can be li-
berated to flow down the pile via the ~-p conversion in
the tilt term. After a short transient the system relaxes to .
a stationary state where (dp/dt)=0. We thus have
(p)~v/A finite at saturation. This makes quantities
such as & and p, as well as their fluctuations, finite and
measurable, which is essential for the numerical simula-
tions described hereafter. Hence A plays the role of an
experimental (and numerical) cutoff: we replicate existing
experimental approaches [3] where vibration and/or tilt
are perturbations rather than catastrophes, and it is
mainly the boundary layer that is affected by these [2].

(iii) The first term in Eq. (2.2b), — Vj, represents the
variation in p due to the nonuniformity of the current of
flowing grains, in such a way that the total number of
particles is conserved. The current j(x,¢) is proportional
to the number of mobile grains and to their velocity; the
latter is assumed to vanish for slopes greater than critical,
and to be proportional to the driving field which is the
magnitude of the local slope, from which we derive ex-
pression (2.4), the associated parameter ¥ being a mobili-
ty.

(iv) The second term in Eq. (2.2b), V?p, represents the
relaxation of the flowing grains, and is a crude way of
representing intergrain collisions. The coupling D, is
again a diffusivity.

(v) Finally, to a discussion of the source terms 7, (x,?)
and 7,(x,t). They will depend on the physical situation
under consideration. We shall often take them as two in-
dependent Gaussian white noises, characterized by their
widths A, Ap defined according to

(mu(x, ) (x",8") ) =A28(x —x")8(¢t —1'),

(2.6)
(%, 0m,(x',2")) =A28(x —x")8(z —1") .

Thus pouring grains onto a sandpile should be represent- -
ed by only noise in p; alternatively one might imagine
that the sandpile is being subjected to vibration at its
base, the chief effect of which is transmitted to the sur-
face clusters via the bulk, which hence have only noise in
h. For the moment, we consider both noise terms to be
present.

These equations contain the first local and analytical
formulation of a model presented much earlier [15], in
their explicit demonstration of the competition and
cooperation between independent-particle and collective
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dynamics in a sandpile subjected to perturbation; the
ideas in that model, however, have been analyzed sys-
tematically by other numerical and theoretical methods

for a number of years [15,16,19,20,22]. As expected,

apart from exceptional regimes where one or the other
dominates, these mechanisms have an explicit coupling
which is encapsulated in the transfer terms T, originating
in the fact that currents of flowing grains must undergo a
constant exchange of particles with the clusters in the
boundary layer [15].

To close this presentation of our dynamical equations,
we briefly present their explicit solution in the absence of
noise. Let the initial situation be that of a uniform slope
p=—p.,+e of immobile grains: y(x,0)=px, ie,
h(x,0)=ex, together with a constant density of mobile
particles: p(x,0)=p,. We thus have a uniform Vi =¢. In
the subsequent evolution this slope remains constant, and
the amounts of mobile and immobile particles are related
by the conservation law h{(x,t)=h(x,0)+p,—p(¢). The
evolution of p(¢) crucially depends on the sign of €, as fol-
lows.

(i} Subcritical case (|p| <p,, i.e., €>0): the density of
mobile particles relaxes exponentially to zero, according
to

p(t)=pge ~*+u (2.7a)

(ii) Supercritical case (|p| > Dg» i.e., € <0): the density of
mobile particle diverges exponentially, according to
fe
p(t)=—p,+(py+tpyle* ", (2.7b)
with p;=v/u.
(iii) Critical case (|p|=p,, i.e., =0): the system is en-
tirely frozen:

The dynamics in the critical case is thus driven by the

fluctuations generated by the noisy source terms. It is
worth noting that the characteristic times associated
with the relaxation law (2.7a) and with the law of diver-
gence (2.7b) both diverge as 7~ 1/|g|, as the critical slope
=0 is approached.

III. CRITICAL BEHAVIOR

This central section is devoted to an investigation of
the rich variety of behavior shown by our dynamical
equations in the presence of noise. Let us emphasize the
following. First, we do not need to introduce overly com-
plicated terms to induce a change in universality class; a
simple, physically motivated description of the physics of
clusters and grains on a flowing sandpile suffices to give
us critical exponents. At a deeper level this indicates that
we have added physics to the linear equation for 4 (EW)
which takes us away from the trivial fixed point, and
confirms that our nonlinear decorations of the EW equa-
tion as well as the coupling we have introduced between
h and p is physically meaningful.

Next, it turns out that the most important ingredient
in our dynamical equations is the tilt term v(VhA)_
describing the physics of tilting a pile so that, quite sim-
ply, clusters of grains which appear frozen and stationary
when the pile is horizontal release grains which flow
down the pile when tilted. However, this is not the only
term that changes universality classes. For instance, as
discussed below, the effect of symmetry between x and
—x, and different combinations of the noise terms induce
changes of universality class. These phenomena will be
discussed under the relevant headings of this section; the

.corresponding estimated critical exponents are listed in

Table I and shown in Fig. 3.

More specifically, in order to obtain an idea of which
terms of our equations are the most relevant, in the sense
of the renormalization-group approach to critical phe-
nomena, we can use the arguments of dimensional

TABLE L. Critical exponents &, 8, and z for both fields A (x,¢) and p(x, ), measured from numerical
simulations in the various cases described in text. The exact EW and KPZ values are recalled for com-
parison. The asterisk means that the exponent z cannot be accurately evaluated from the available data

on a and S.

Model . Species a B z
EW h 3 I 2
KPZ h 3 3 3/2
(1) asymmetric h 0.9410.07 0.4310.04 2.21+0.4
noise in A P 0.2210.08 0.07%0.02 *
(1a) no-tilt h 0.36+0.02 0.4110.08 0.9+0.2
noise in # and in p P 0.39+0.05 0.27£0.04 1.4+0.4
(2) asymmetric h 0.80+0.06 0.424+0.07 1.9+0.4
noise in p P 0.33+0.10 0.19+0.04 1.7+0.9
(3) asymmetric h 0.97£0.07 0.45+0.03 2.2+0.3
noise in 4 and in p p 0.124+0.08 0.071+0.03 *
(4) symmetric h 0.40£0.06 0.371+0.04 1.1+0.3
noise in &
(5) symmetric p 2
noise in p _ 3 5
(6) symmetric h 0.37+0.05 0.39:£0.05 1.0£0.2

noise in h and in p

























